One of the reasons for increased material removal rate in magnetic field assisted dry electrical discharge machining (EDM) is confinement of plasma due to Lorentz forces. This paper presents a mathematical model to evaluate the effect of external magnetic field on crater depth and diameter in single-and multiple-discharge EDM process. The model incorporates three main effects of the magnetic field, which include plasma confinement, mean free path reduction and pulsating magnetic field effects. Upon the application of an external magnetic field, Lorentz forces that are developed across the plasma column confine the plasma column. Also, the magnetic field reduces the mean free path of electrons due to an increase in the plasma pressure and cycloidal path taken by the electrons between the electrodes. As the mean free path of electrons reduces, more ionization occurs in plasma column and eventually an increase in the current density at the inter-electrode gap occurs. The model results for crater depth and its diameter in single discharge dry EDM process show an error of 9%-10% over the respective experimental values.
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Introduction
Dry EDM that uses gaseous dielectric is emerging as a new alternative to the liquid dielectric EDM process. The process has almost no tool wear [1] , does not cause corrosion of work surfaces, and generates very limited heat affected zone on work surfaces. Due to absence of fumes caused by burning of liquid-dielectric, the dry EDM process is environmentfriendly [2] . The removal rate in dry-EDM, however is 5-10 times lower than the liquid-dielectric EDM. One of the main reasons for this is, uncontrolled expansion of plasma in dry EDM due to relatively lower density of gaseous medium as against the liquid dielectric [3] . Further, the process causes significant arcing and does not have any inherent mechanism for debris evacuation. Numerous researchers have made attempts to increase the removal rate in dry-EDM. They used measures like, dry-EDM in quasi-explosion state [2] , applying pulsating magnetic field around plasma [1] , providing shielding around the plasma channel [3] , and so on. It was evident that superimposing the pulsating magnetic field on quasi-explosion state in dry EDM, has improved removal rate by ∼130%. It was reasoned that this improvement in removal rate is due to Lorentz forces ( figure 1(a) ) reducing mean free path of electrons in the plasma ( figure 1(b) ) and thereby confining the plasma. Earlier attempts to characterize and model the removal phenomena in a single sparking dry EDM [4] as well as liquid-dielectric EDM [5, 6] have been met with a limited success. Therefore, understanding the role of magnetic field in confining the plasma and its consequent influence on removal mechanism in the process is essential for improving productivity of the process. In this context, this paper presents a mathematical modelling of magnetic field effect on the dry EDM process. The model predicts crater characteristics like diameter and depth, for a single and multiple sparks in dry EDM, which hitherto have not been addressed in the literature. The results, further, are validated by the experiments.
Model approach and formulation
It is observed that use of magnetic field around the plasma channel affects several features of the EDM process, these include (i) reduction in oversize of machined surfaces [1] , (ii) improved debris evacuation in liquid EDM [5] , (iii) increased electrons concentration, temperature [7] and flame voltage [8] , (iv) increased conductive flow from cathode to anode due to pulsations in the magnetic field [9] , (v) reduced the breakdown voltage due to Larmor radius effect by longitudinal magnetic field [10] and (vi) reduced debris deposition rate [3] .
Of the various effects mentioned above, this work analyzes the effect of application of transverse magnetic field in dry-EDM. The modelling approach here involves evaluating the effect of the magnetic field on (i) plasma column confinement, (ii) electron mean free path reduction, and (iii) changes in the current density. The formulations have been derived to evaluate the effect of the above factors on the crater radius, the crater depth and MRR (material removal rate) in the dry EDM process. The plasma column confinement causes a reduction in radius of crater generated at an anode. The mean free path of electrons between the electrodes is reduced due to cycloidal path taken by the electrons and increases the plasma pressure due to plasma confinement. The pulsating magnetic field redistributes current density in certain quarters of the plasma column, which also causes an increase in the pressure. Finally, the crater radius and its depth have been calculated with the help of a single discharge dry EDM model [4] . While a preliminary work on the model development was presented in [11] , in this paper all the effects due to magnetic field have been derived in the case of single and multiplepulse EDM processes. A detailed flow chart of the modelling methodology is presented in figure 2. 3. Physics of dry EDM process using a pulsating magnetic field
Plasma column confinement
In the Dry EDM process, a pulsating magnetic field is used across the plasma column. As the magnets are energized sequentially, they generate a rotating magnetic field around the spark column. With the help of the magnetic field, Lorenz forces are developed across the plasma column, which finally help confine it.
Mean free path between electrode reduction
The mean free path between electrons decreases because of the application of transverse magnetic field [11] , as the external magnetic field changes the path of electron. The formulation for mean free path of electrons as a function of transverse magnetic field and electric field was derived [11] . It is understood that, the value of mean free path decreases as the magnetic field strength increases. A correlation between the Townsend constant and mean free path was established in [12] . In the mathematical model, both the factors, cycloidal path of electrons and an increment in the plasma pressure, have been used to calculate the reduced mean free path, which depends on temperature and pressure. The temperature in dry EDM is found relate linearly with the total dry EDM energy [13] . The total energy in dry EDM is related to current, voltage and pulse-on time. The temperature is also affected by the magnetic field [14] . The temperature increases with an increase in the magnetic field. At the same time, the pressure in dry EDM is related to temperature and electron-ion density [15] . As the mean free path decreases, the Townsand's constant increases, which means higher ionization takes place in the plasma and the current density increases. In this mathematical model, a correlation between Townsend constant and power transfer is used. The total power increases with an increase in the Townsend constant [7, 16] . The material removal rate is directly proportional to the power supplied to the cathode. Hence, a ratio of power, with and without magnetic field, has been taken as MRR enhancement factor due to the decrease in the mean free path of electrons.
Current density due to pulsating magnetic field
Application of the pulsating magnetic field around the plasma column varies the current density according to the Ampere law. To incorporate this effect, the magnetic field is assumed to be sinusoidal. Also, since the magnetic field only changes from positive to zero, the RMS of the final result has been considered. The pulsating magnetic field increases current density in certain quadrants and decreases in the others. It eventually, increases the pressure in certain quadrants thereby causing more ionization in the plasma column. This effect due to the pulsating magnetic field is very low but increases with an increase in the pulsating frequency of the magnetic field.
Model formulation
4.1. Formulation of the confinement of plasma column 4.1.1. Electrostatic force on charge particles at the surface of plasma column. In general, an electron moving within a plasma column with velocity v is subjected to a radial outward force due to an electrostatic field E. Assuming n v electrons in unit length of the beam of radius r, a radial electrostatic field E at the surface of the beam is given by [17] 
The electrostatic force F E ( ) of repulsion acting on the boundary electrons in the beam of radius R o at breakdown is given by the product of charge and electric field as below
Lorentz force is the force on a point charge due to electromagnetic field. It is given by the following equation in terms of electric and magnetic fields
where, F is the force in N, B is the magnetic field in T, q is the electric charge of the particles in coulomb, v is the drift velocity of electrons (in m s −1 ), X is the vector cross product. There is no accurate formulation in literature to calculate the velocity (drift) of electrons in dry EDM. When the electrons move between cathode and anode, they produce self-magnetic field B s ( ) as given by Biot-Swart law [16] . Therefore, this magnetic field varies in proportion of the current density. It produces a transverse magnetic field.
In the calculation of the total force due to electrostatic and magnetic fields, the drift velocity of electrons is a variable which affects both magnetic and electrostatic forces. Therefore, it is necessary to calculate drift velocity appropriately. In our model, the drift velocity is taken proportional to voltage [18] , its expression can be represented as k ,
where, k is velocity of electron at mean voltage, V .
m Upon the application of a transverse magnetic field, drift velocity of electrons towards anode gets affected, which can be formulated using energy conservation law [19] , as given by
where, v o is the velocity of electrons in the absence of magnetic field, W is the total mechanical energy of particle, u is particle magnetic moment and its value is taken as 9.284×10 −23 J T −1
. The equation that governs radial acceleration of boundary electrons from cathode to anode Various terms in the above equation are explained as below: the first term on RHS gives radial outward acceleration of electrons due to electrostatic force. The second term on the RHS gives the self-magnetic field B , s ( ) based on the Ampere law. This magnetic field applies Lorenz force, which acts in the direction of the plasma centre. The third term comes into picture, upon the application of the transverse external magnetic field (B E ) between cathode and anode. The electrons thus are subjected to additional Lorenz forceév B s ( ) to help them to move towards the plasma centre. Above actions aid in plasma coulmn confinement thereby causing a reduction in the radius of the crater generated during EDM. Therefore, the radius of the electrons beam at the anode is calculated by evaluating the travel time of electrons (t d ) from cathode to anode based on, the ratio of inter-electrode gap (d) and the electrons drift velocity. It is envisaged that the two entities, that create repulsion forces, such as plasma pressure (P p ) and reaction force, can be neglected in the dry EDM process. It is further understood that the electrostatic repulsion force increases with an increase in current. This could be due to an increase in the value of n, which ultimately increases the radius of plasma at anode and consequently, the crater radius, r c . It can also be observed from the experimental results. With an increase in the voltage, electron drift velocity increases, this in turn causes a reduction in both, E r and t d . They ultimately cause a reduction in the final radius of the crater formed. This is also observed in the experimental results. It may be noted that since the Lorenz forces due to selfmagnetic field are present in both the cases, with and without application of magnetic field, they are ignored.
Therefore, the radial acceleration of electrons is given by , we get = C 0.
1 Therefore, given equation (7), we get are calculated by solving the differential equation and then percentage change in hole diameter is evaluated. In the case of single spark EDM, the tool used has a very sharp radius to ensure generation of almost one spark. Therefore, the absolute reduction in radius of the crater is determined directly by considering the force exerted by the external magnetic field. Further, the radial inward acceleration because of the external Magnetic field affects the mean free path beween the electrons in a plasma. When the electric and magnetic fields cross each other, they affect breakdown of a gas. Many researchers have worked to find such relation. The mean free path between the electrons in the transverse magnetic and electric fields was evaluated by [11] . Here, it was assumed that the collisions between gas molecules and electrons are inelastic and the mean free path l is constant for all electrons. It is given by 
Increment in pressure.
A correlation between the mean free path and plasma pressure is given by the following equation
where, R is the universal gas constant in J mol −1 K −1 , T is the temperature of the gas in K, P is the plasma pressure, d is the diameter (in m) and N A is the Avogadro's number. Here, it is seen that the mean free path is inversely proportional to the pressure. Therfore, as the pressure increases, the value of mean free path decreases. The plasma is confined due to the effect of Lorenz forces, which eventually increase the pressure and current density in the plasma. A reduction in the plasma diameter due to the confinement of plasma is calculated, which gives the reduction in plasma area. As pressure varies inversely in proportion to area, it increases by the same factor. This is the major factor, which causes more reduction in the mean free path than due to cycloidal path of electons. The mean free path changes due to plasma pressure P H ( ) caused by the external magnetic field are given by
( ) Therefore, considering the effect of reduction in mean free path due to cycloidal path, and an increment in pressure together, we get
The equation (14) shows that the mean free path depends on the plasma pressure and temperature. Both current and temperature depend on all the input parameters, which include current, voltage, bipulse current, magnetic field and pulse on-time. The plasma temperature and crater morphology have been investigated by Kanamani [14] for different energy conditions in dry EDM. The experimental value of plasma temperature increases linearly with energy. Therefore, the plasma temperature is given by [14] =´+ T E 4.375 10 4000, 18
where, E is the total plasma energy calculated as the product of voltage (V ), current (I) and pulse-on-time t .
on ( ) The plasma pressure is calculated by partial pressure of the electrons and ions. Here, P α is the partial pressure of the ions or electrons [15] and is given by
where, K is the Boltzman constant, and is 1.38×10
. T α and N α are temperature and corresponding ion density, respectively. The temperature of electrons and ions has been taken as identical and its value can be calculated with the help of EDM energy. A ratio of field emission current density to positive ion current density is generally very large in case of field emission discharges. Typically, their values reach as high as 0.4 in case of dry-EDM, unlike the other breakdown processes, in which the value is generally of order of 0.01 [4] . The electrons density given by [15] =´Ń , 2 0
where, I is the current, A r is the area of plasma. The ion density in dry EDM is given by
where, z=2.5 due to field emission mechanism. Therefore, the plasma pressure in dry EDM can be calculated by
e e i i
( )
Further, Townsend [20] introduced a coefficient α to define the number of electrons produced over a distance of 1 cm travelled by a single electron in the direction of the applied field. The total number, n of ion pairs produced by one initial electron, after the subsequent avalanche develops at a distance x across the gap, is given by
The probability that the electrons will transverse a distance l without collision is l -e l H [12] . Hence, the number of ionizing collisions per cm is 
However, if α E in the above equation is replaced by α HP , the total power under the effect of magnetic field effect is given by
A small part of the total power is utilized in the material removal. This fraction however changes upon the application of magnetic field. A factor M k , called MRR enhancement factor, is defined here, which will account for the increase in the MRR due to the decrease in the mean free path, α. This factor can be considered to be a ratio of P E and P HP (from equations (28) and (29)) as
It is further understood from the experiments that the shape of craters in a single spark is conical. Therefore, the volume of a crater is given by
MRR of the crater under the influence of magnetic field is evaluated by the product of MRR without magnetic field and the MRR enhancement factor M .
k
( ) The depth of the crater in the external magnetic field can be calculated as
Therefore, the depth of the crater increases in the external magnetic field mainly (i) due to a reduction in the mean free path and (ii) a reduction in the crater radius.
Current density due to pulsating magnetic field
According to the ampere law, magnetic field changing with time produces current density as given by
where, X is the curl operator, μ is the value of magnetic permeability and J m is current density due to pulsating magnetic field.
Since pulsating magnetic field changes with time, and also its vector direction changes with the position in x-y plane, see figure 3(b) , the value of pulsating magnetic field can assumed to be sinusoidal as it changes from zero to maximum. In a sinusoidal harmonic motion, the value changes from negative to positive, therefore RMS of the final result has been evaluated. The value of the magnetic field is given by As the current density from cathode to anode is under consideration, the current density can be ignored in x and y direction from equation (39) and we get
Similarly, current density from cathode to anode is calculated to be zero in second and fourth quadrant and negative (electron flowing upward) in the third quadrant. Therefore, the overall change in the current density due to pulsating magnetic field is zero. But since the current density increases in the first quadrant, this will increase plasma pressure. It reduces the mean free path due to which more ionization occurs and total power increases. A change in current density due to pulsating magnetic field at 100 Hz is about 1%-2% of original EDM current density, the pulsating magnetic field can be enhanced with the increase in frequency and magnetic field.
Model analysis

Multiple sparks EDM process
In the multiple spark EDM process, holes were made with and without using the magnetic field during the process. The hole radius, with and without the magnetic field was evaluated using equations (9) and (10), respectively. Analysis of the results show that the hole radius decreases with an increase in voltage (see figure 4(a) ) and decrease in current (see figure 4(b) ). As the magnetic field magnitude increases, the Lorentz forces increase, which helps in confinement of plasma (figure 4(c)) but at a higher value of confinement, repulsive forces may dominate due to the electrostatic force of electron and the crater radius decreases at very high value of magnetic field ( figure 4(d) ). The experimental results also show that after a certain limit of magnetic field, plasma confinement decreases.
5.1.1. Analysis of single spark EDM Process. In the single spark EDM, as pointed tool electrodes are used, a reduction in the radius of crater is directly calculated using equation (11) .
The reduction in the radius of crater radius under the external magnetic field increases with an increase in the magnetic field ( figure 4(e) ). figure 4(h) ).The effect of pulsating magnetic field in the total energy is very low as mentioned above. But the effect is enhanced with an increase in magnetic field and the pulsating frequency.
Figures 4(i) and (j) show that the pulsating current density increases with the increase in magnetic field and frequency.
Experimental validation
In this section, the mathematical model has been validated using data from single-and multiple-spark EDM experiments. A pulsating magnetic field was provided using a triangular configuration of electromagnet. The magnetic field was varied from 0.1 to 0.3 T during the experiments. In a single-spark EDM, the crater depth and radius, evaluated in the presence of external magnetic field from model are validated with the experimental results. The crater radius and depth are measured using a stylus profilometer. In multiple-spark EDM, an electrode of f10 mm was used. It was evident that with the application of magnetic field around the electrode helps reduce oversize in the dimensions of the holes. Thus, a reduction in the oversize in the presence of external magnetic field was evaluated. Both the experimental results have been compared with the respective model values. A CNC EDM was used to perform single-spark EDM experiments. The machine has a single-pulse generator. The dry EDM experiments were performed by providing the supply of oxygen gas dielectric at a low pressure of 0.05 MPa around the spark column. A pulsating magnetic field was applied using triangular configuration of electromagnets arranged ( figure 5(a) ). The electromagnets were actuated serially by a 0-30 V DC switch mode power supply. The magnetic field thus obtained is in the range of 0.1-0.3 T. The resultant magnetic field remains tangential to the plasma column [1] . The input parameters used in the experiments included voltage, discharge current, bi-pulse current, pulse on-time and magnetic frequency ( figure 5(b) ). The single spark craters obtained under dry as well as liquid dielectric conditions and with and without applying the magnetic fields are shown in SEM pictures in figures 5(c) and (d).
To validate the results, a comparison of crater diameter and depth, with/without application magnetic field in singlespark dry EDM has been done with those predicted using the model. The model and experimental values of crater diameter and depth are plotted in figures 5(e) and (f) against three different energy levels used in the single spark dry EDM experiments. The energy levels refer to the product of voltage and current used in a particular experiment. The predicted results show the same trend as that of the experimental results. The predicted crater diameters and depths are closer to the experimental values, at lower and medium energy levels. The error in average predicted values of crater diameter at medium energy level is 9%, whereas the error in average predicted depth values is 10%. This could be due to the repulsive forces that dominate at higher energy levels. Therefore, there could be larger prediction error at higher energy levels. In case of multiple-spark EDM, oversize reduction in various experiments was evaluated. It is seen that ( figure 5(g) ) the model values of oversize reduction are closer to the experimental results at 0.2 T with the average error of 14%. The error here is on a higher side as the scale of the process is higher as compared to the single-spark experiments. Hence, control over the sparking is rather difficult.
Concluding remarks
• A mathematical model has been developed to incorporate three main effects of application of magnetic field, such as plasma confinement, mean free path reduction and pulsation in the magnetic field. The magnetic field affects single/multiple discharge crater depth and diameter in the dry EDM process.
• The plasma confinement changes the crater diameter and depth. It is governed by the electrostatic and Lorentz forces applied as a result of the external and self-magnetic field. The model incorporates all the effects but neglects the role of self-magnetic field.
• A reduction of mean free path under the application of external magnetic field causes enhancement in current density by more ionization between the electrodes. A mean free path reduction is caused due to an increase in plasma pressure and cycloidal path taken by the electrons. The effect of cycloidal path was found to be insignificant based on the evaluations in the model. The pulsating magnetic around the plasma column affects the current density between electrodes according to Ampere law. The pulsating magnetic field effect has been evaluated in the model, but a change in current density due to pulsating magnetic field was found to be very low.
• Drift velocity of electrons between the electrodes is one of the most important parameter which affects both Lorentz and electrostatic force in the plasma column. In addition, plasma temperature and pressure are also the important parameters. All these parameters are included in the model formulation.
• Analysis of model results shows that the crater diameter decreases with an increase in voltage and increases with an increase in current. This trend corroborates the traditional experimental results. According to the model, in multiple spark situation, the hole diameter decreases with an increase in magnetic field. But the hole diameter increases at a higher value of magnetic field due to dominating electrostatic repulsive force.
• In a single-spark EDM process, the predicted values of crater diameter and depth lie between the corresponding experimental values in both with and without application of magnetic field. The error in the predicted value of average crater diameter at the medium energy level is 10%, whereas the error in the average depth is 9%.
